LOCAL SUPREMA OF DIRICHLET POLYNOMIALS AND 
ZEROFREE REGIONS OF THE RIEMANN ZETA-FUNCTION 
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fvj 1 Abstract. A new zerofree region of the Riemann Zeta- function ij is identified by 

using Turan's localization criterion linking zeros of (^ with uniform local suprema 
^~s ■ of sets of Dirichlet polynomials expanded over the primes. The proof is based on a 

*ivj , randomization argument. An estimate for local extrema for some finite families of 

shifted Dirichlet polynomials, is established by preliminary considering their local 
increment properties, by means of Montgomery- Vaughan's variant of Hilbert's in- 
equality. A covering argument combined with Turan's localization criterion allows 
to conclude. 
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(^ ■ 1. Main Result 



The question of the existence of an eventual explicit relation between the zeros of the 

fvq . Riemann Zeta function C{s), s = a + it and the prime numbers was raised already 

^ ' by Landau in [I]. Motivated by Landau's remark, Turan had much investigated the 

CN . connection between zerofree regions of ( and local bounds of Dirichlet polynomials 

^Ij ' expanded over the primes, see [5] and [6], Chapters 33-36. Among the several strong 

localization results stated in [5], the following semi-global criterion (Theorem 3') is of 

particular relevance in the present work. 

^D , Turan's Localization Criterion. Let D be some positive real and < E < 9/10. 

^— ^ ■ Suppose there exist positive reals T, /S, < f3 < 1 such that for T — T^ '^ t <T + T^ , 

the inequality 



?H " Ni<p<N2 

^ '. 

holds for 



p-" 



< c 



N log'"' N 



T^^^-P'") <N<Ni<N2<2N< T'^^^+P'") 

where c stands for positive numerical, explicitely calculable constant. 

Then C(s) ^ in the parallelogram (j>l-/3'^,T-T^<t<T + T'^. 

In this article, we show by using a local randomization argument, that Turan's ap- 
proach for localizing zeros of C is sufficiently powerful to permit to identify a completely 
new semi-global zerofree region. 

Our main result states: 

Theorem 1.1. Let < a* < 1. There exist 1/2 < cto < 1, S > 4, z^o < oo, such that: 
For all V > i/q, there exists at least a* 2^"+^ indices j for which 

C{cT + it)=^0 VcT >cro, Vte [22^'' + (j-l)2^'^-i,22^''+j2^''-i[. 
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It follows from the proof that any value ctq > 1 ^ 1/(19)^^ is for instance suitable. 
The same approach permits to get only slightly better thresholds. 

In order to bound | J2ni<p<N2P~'^'^\' uniformly over a family of suitable segments 
[Ni,N2] of the real line, we use an approach which can be described as follows. Let 
(fii, . . . , ifM be distinct reals. Consider a finite family of Dirichlet polynomials P*(i) ~ 
X]ri=i cfjC**"^", s G S, cf, . . . ,c|^f being complex numbers. Instead of directly searching 
a bound of sup^ |P'*(i)|, uniformly in t over some finite interval L, we operate with the 
shifted Dirichlet polynomials 



N 



(1-2) PI{t)^Y. 



^Sgj(e+t)y„ 



where 9 belongs to some fixed interval J, and 9 will be treated as a random parameter. 
Given some interval L, {P|(i),s € 5', t G £,6* e J} is considered at some intermediate 
stage of the proof, as a random process built on J, of which we estimate the increments 
by means of variant form of Hilbert's inequality due to Montgomery and Vaughan. 
A classical argument from random processes machinery, allows to efficiently control 
suprema, namely here supjg^ sup^ |Pg(0|. 

Another step is devoted to carefully adjusting some inherent family of parameters, 
in order to apply Turan's result. Once this is achieved, a family of intervals {Ig)e free of 
zeros is then exhibited. The family is indexed by a measurable set of 0's of controlable 
positive measure. Finally, a covering argument allows to establish the existence of a 
semi-global region. This is the strategy we apply. 

2. Local Mean Value Results 

Let q be some positive integer and denote 

Eq^^k^ (fci,...,fcjv);fc« e N: fci + ... + fcw =g|. 

Let (pi, . . . , (/J TV be linearly independent reals. Introduce a coefficient of linear spacing 
of order q by putting 

^{N,q)^ inf \{hi - ki)Lpi + . . . + {h^ - k]s)^js,\. 

By assumption £,ip{N,q) > and ^ip{N,l) = inf{|(^i ^ fjl ■ * ¥" J}- In the case 
ifn = log Pn, Pn denoting the n-th consecutive prime, we have the classical estimate 
^ip{N,q) > p^', see before (|2.13p for a proof. 

We estimate the local increments of P defined in p.2p . Let J be a bounded interval 
and let |J| denote its length. Let mj denote the normalized Lebesgue measure on 
J. With the notation (fOl), if J = \a,b] then \\P(t) ~ P(s)\\ ^ and 11 P(t) 11 

** '^ L 1 J M -^ ' -^ ^\\mj,2q W -^ ^\\mj,2q 

respectively denote 

, - / \Pi9 + t)-P{9 + s)rd9) , (- / \P(ft + t\\-''d9' 

-0- a Ja ' ' / \b- a Ja 

Introduce the stationary metric on the real line defined by 

"^ {t - S)ipn ,2\y^ 

c„ I I sin 

n=l 

Proposition 2.1. a) For any reals s and t, 



d{s,t) = djv(s,t) := (2X! |cnP| sin- 



ir..x ^. Ml /, 2min(7V«,7rg!)\i/2g ,^ ^ 
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And 



\P{t)\\ , < (q\ + 



2 min(7V«, irql) \ 1/29 / ^ n 1/2 



re 



Af 



By taking J = [—2^, T], t = in the last estimate, we deduce 
Corollary 2.2. We have the following bound 



T N 



2T _^ I 5Z ^» 



.iOifr, 



T" 11 — 1 



29 ,/ 2tt 

de< Ml 



N 



In particular, 






p<N ■ 



p<N 



Now put 



B^B^{J,N,q)^ [ql[l + 



27r 



kie^(^,'z) 



1/29 



Theorem 2.3. Lei (^at = sup„<^|(^„|. There exists a constant Cq depending on q 
only, such that for any interval L, 



^1/29 r I 



sup|P.(0l|L„2, < C,6max{l,|L|^Ar} '|[E|C" 

, N 

min(|L|,-^) V |c„ 



1/2 



V^. 



1/2 



Proof of Proposition \2.1\ Let J = [d, d + T]. Write more shortly ^ = C-pi^y q)- Plainly 



N 



{Pi6 + t)-P{e + s)y = (5]c„e' 



E 

fceE, 



A 



fci!...fc^!-l-i " 



E^T^^^^^^""^"( 



c "e "-^^ e '^" — e ■ 



n=l 



Put 7„ = e**'^" - e*"'^" . Thus 



|P(6l + t)-P(6i + s) 



29 



E 



(9!) 



n2 



A 
k,hGEq n—1 






A 



(2.1) 
where 

(2.2) Rie)^ J2 



ki\...kN\' 
k£E„ n=l 



E TT^^ n(Kii7nr"+i?w 



(9!) 



n2 



A 



/i;i!/ii!...fc7v!ft-A! 

^,iie-Eq n—1 

^A 



n(Cn7n)''"(c„7n)''"e 



id{kn —hn)<Pn 



Owing to linear independence X^„^i(fcn — hn)^n — 0, iff kn = ft-ni n ^ 1, . . . , N. By 
integrating 



i/iP(.+o-p(.+.)rv.^E(,^^)n(i 



-J...fcw!. 



c«||7«l 



\2fc„ 
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E 



(9!) 



1^2 



N 



kilhil . . . fcjv!^Ar! 



Y[icnin)'""{c;rh'i)''" 



(2.3) 

Put 

Then 

(2.4) 



i{d+T)j:^^-,{k^-h^)v,^ _ „idj:^^-,{k„-h„)f„ 



^N 



^T{J2^^likn -hn)(Pn) 



N 



%-n 



(c„7„e' 



,i(d+T)v3„-j/c„ 



k I 






n=l 



fcn 



l|jP(0 + t)-P(0 + 5)|''d0 






keEg 



CfeC,i 



dfcd 



h - h ^ Ifc - 1/1 









Each of the two claimed bounds will now be deduced from either Hilbert's inequality 
or Cauchy-Schwarz inequality. Recall Hilbert's inequality ([2], p. 138): Let Ai, . . . , Aa^ 
be distinct real numbers, and suppose that 5 > Q is chosen so that |Am — A„| > 5 
whenever n ^ m. Then 



(2.5) 



E 

l<m,n<N 



■^rn Vn 



-^m ^n 



N 1 /9 ^ 



< -I > \x. 

7n— 1 



1/2 



We shall apply it under the following form: let {xk,yk,k E Eg}. Let also {Afe, fc ^ Eg} 
be distinct real numbers such that min{|Afc — ^h\,k ¥" h} ^ ^- Let v = jj:{Eq\ and 
consider a bijection i : {1, . . . ,v} ^ Eq. By using (|2.5|) 



E 

k_,h^Eq 



XkJJh 



Afc — A/i 



•^i{u)yi{v) 



< 



(2.6) 



E 

<U,TJ< 



> 1/2 / ..-^ \ 1/2 



i<i.<i. 



fce-E„ 



heE„ 



1/2 



By applying Hilbert's inequality to each of the two sums in parenthesis of the right- 
term in (|2.4I) . we obtain 



(2.7) 



(9 



n2 



T 



dtd 



fcQ/i 



lk-h~ ^ Ifc -1 






k_,h_eEq 



1^2 



<M^^|d, 



since 



w)' E id^r 



/ceB„ 



E 

ki+...+kM=q 



TS, 



N 



|2<^d(,,,)2,^ 



keE„ 



TS, 



ki\...kN\ 



n i"^""^" 



|2fc„ 



< o! 



E 



9 



JV 



fcl!...fcAr! 

fci + ...+fcjv=9 »i=l 

N 



n ICnTnl''^" = g! 



N 

[El*^"^"! 



n=l 



(2.8) 



= g! 



n=l 

TV 

[4Ei^« 



c„|2|e'*^"_e*^'^"P 



(i - S)<y9„ 



^'sin ^'^":^^" P 



= ol 



g!d(s,t)2«. 



ZEROFREE REGIONS OF THE RIEMANN ZETA-FUNCTION 

Similarly as before 

12^ Af 

k£Eg n=l n=l 

By substituting in (|2.4I) . we therefore get 



(2.10) 1 J^ \p{e + t)- p{e + sfUe <q\{\+ '^^d{s,tf 



^,2q 

IJ. y\J I LI ± \\J I OJI Lt/l/ ^ y ■ I -L I , 1 (X I O , (/ 

I J 

Without Hubert's inequality, it is possible to arrive to a similar result. We have with 



^ j \p{e + t)-p{e + s)\^''de<q\d{s,tf-i 






,A 



^(E„=i(fc»-^")¥'") 






^ n=l n=l 

2 



n— 1 

2iV9^ 



where we used Cauchy-Schwarz inequality for getting the last estimate. Combining the 
two last estimates gives 

(2.11) |/jp(^+o-p(^+^)r-^^<(.!+ ^"""y;'^'^'^ )^(M)-^. 

Hence the first in assertion a). The same proof also yields, mutatis mutandis 

•'J n=l ^ 

We start with 

n— 1 k^Eq n—1 

and put this time 7„ = e**"^" . Then all calculations made after (|2.ip remain valid. D 



y* I I kji iBkjiiPn it^j,kj. 



Proof of Corollary \2. SI The first assertion is immediate. As for the second, we have to 
estimate 

^^(N.q)^ inf |(/ii - A:i)^i + . . . + (/iat - fcAr).^7v|. 

h .k ^ E q 

when iy9„ = log p„ . Let i—h — k and put 

P^=UPn^ P-=IlPn'" 

Notice that P+ 7^ P^ by assumption, and max(P+,P^) < p'j^. Suppose P+ > P~ . 
Then 

n=l 

The case P+ < P^ is treated identically. Therefore 
(2.13) UN,q)>p7- 



P P " Pn Pn 
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And SO, it suffices to apply the first estimate to this case. D 



Proof of Theorem \2.3\ We need some elements from the theory of stochastic processes. 
See [7], also [5] and references therein for a similar treatment. Let (T, S) be a compact 
metric space and denote by D the diameter of T. For any x G T and e > 0, let 
B{x,e) denote the open (5-ball of T with center x and radius e. A stochastic process 
X = {X{t),t G T} is simply a collection of random variables indexed by T, and defined 
on some common probability space {ft,A,P). Let 1 < p < oo. Consider the increment 
condition 

(2.14) \\X{s)-X{t)\\p<d{s,t) {s,teT) 

Assume that there exists a probability measure fi on T such that 

2.15 sup / — — -^ = M < (X3. 

By Theorem 4.6 in [4j, each separable process that satisfies the increment condition 
(|2.14p . is sample continuous. Moreover 

(2.16) \\snp\X{s)^X{t)\\\ <KpM, 

s,teT ' 

where Kp depends on p only. The above inequality follows from the majorizing measure 
condition (|2.15l) and Proposition 2.7 in [3]. The sample continuity property is in turn 
obtained by combining Theorem 4.6 with Theorem 2.9 in [3]. A stochastic process is 
separable (with respect to 5) , if there exists a countable dense subset Tq of T such that 
for each t in T, X{t) = limToBs-s-t ^{s), almost surely. By Proposition 12. II 

11^.(0 - pH\^,.,, < Bdis,t), ||p.(.)|L„,^,2, < s (E i^"i') ■ 

n=l 

The trajectories s t-^ Peis) being continuous for every 9, P is thus trivially separable. 
As d^{s,t) < 47r2|s - t|2 ^^^^ |c„|2(<^2 ^ _y^^), we deduce that 

N 

(2.17) d{s,t)<27r\s-t\{J2\cn\'^lf\ 

once 7r|s — t| < \/(pN- Consider a covering {Ij,i — ji, . . . , ji + H} of L with intervals 

TTipN TTipN 

Introduce an auxiliary process y defined for s G Ij, j > 1 hy 

P(s)_P(l^) 



:v. = — — — ""'^"' , . 



By (PT7|) . for every s,t e L 



(o,H)\\V VII _ l|P.(-^)-P.(t)|U.,.2, ^ rf(g,^) ^1 I 

(2. Lb \ys- yt\\mj,2q - 7Z "TT^ < 77 "TT^ ^ P " * ■ 

Thus {3^s, s E Ij} satisfies (|2.14p with the usual metric. Recall that m/. denotes the 
normalized Lebesgue measure on Ij . Then 

.diam(/,) ^g rl/i^PN) ^ i/2g 1 /■! 

/ 77^7 — TTTTr < / — : — de = — ^/ ?7"^/2«de < -r^. 

Jo TO/^(B(s,e))V^9 _/q \TTpNeJ TrpN Jo PN 

Hence 



!eUo m/,(i?(s,£))i/2. ^p^- 



ZEROFREE REGIONS OF THE RIEMANN ZETA-FUNCTION 7 

From (1^1^ follows that 

(2.19) sup II sup |3;,-3;,||| <i^. 

Assume that \L\TTipff > 1, and let {Ij,j — ji, . . . ,ji + H}, H > 0, he a. covering of 
L. Let s G L, and let j be such that s E Ij. By writing 

P.is) = P.(^) + (Pis) P.(^)) = P.(M) + 2nB{Y: \cn\'^iy^'ys, 

■KPN KPN T^PN '^^ 

next using the triangle inequality, we get 

||sup|P.(s)|||„, ., < II sup |p(l^)||| 



(2.20) +2^B(^|c„|V^)'/'|| sup 13^.111 



AT 

1/2 I 

I Si I 1 I I I 1/ „ I I I 

■2q^ 
n=l 



In the one hand 

(2.21) 

(^)lll , <H^^ sup ||P(^^ 

i<j<H ■ t^Pn '""■^'■^9 l<J<_ff TrpAT 

And in the other 



■ - 1 -1 ^ 

sup |P(:^-^)||| , <i/^ sup ||P(:^-^)|| <BH^(y^ 



(2.22) sup 13^.1 L, 2,^^^ sup sup 13^.1 L, 2,- 



But y{^)=0, and so by ^M 

II sup |3's|||m,,2, < II sup \ys-yt\ |lrn,,2, < ^. 
sG/j s,t£lj PN 

As H < Cmax(l, \L\(fN), we deduce 

( ^ 1/2 1^ ^ 

(2.23) ||sup|P.(s)|||^^^2^<C,S(|L|^^)^ (ElC"l') +^(Elc«l'^"y^' • 

Finally, if \L\TT(fN ^ Ij write L — [Li,L2]. Given s,t € L, we have 7r|s — i| < 7r|L| < 
l/ifiN, and so 

N 

\\P.{s)-P.{t)\\U„2q<Bd{s,t)<2nB\s-t\{J2\cn\'vlf. 
Put 

P.(g)-i^.(^l) ^j 

Then IJT's — ^t||mj,2g !i k — t\. Similarly as for getting (|2.19l) . we obtain 

(2.24) II sup iP.-T'tlll <c,|L|. 

It follows that 

( N N 

(2.25) ||sup|P.(s)||L^2,<C;S (Eicni')'^' + i^i(Ei^»iVO'^' 

«e^ " >- n=l n=l 

With ([2?23l) and ([STTS]) . we arrived to 

N 

||sup|P.(s)|||^^^2^ < C;'6max{l,|L|^^}*{[Ekn^ 



n=l 
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(2.26) +,^in(|L|,^)[^|c„|V^]^}. 

n— 1 

This achieves the proof. D 

3. Proof of Theorem [HI] 

The constants appearing in Turan's result (Section 1) are important. We have 
therefore expHcited all constants appearing in our proof. 
We begin with applying Theorem 12.31 to 

P(7Vi,iV2,i)= Y. P~'' 

Ni<p<N2 

where N < Ni < N2 < 2N. We have (fN < sup{logp,p < 27V} < Clog TV and by 
using (|2?T3l) . 

(3.1) e<(,![i + !!*.])"''<c,„„(i,i^)-'».. 

Let L be such that \L\ > 1. Since 7r(2a;) — tt{x) < j^p^ for any integer a; > 1, we have 

7r(iV2) - 7r(iVi) < n(2N) - Tr{N) < N/\ogN, we have 

Y: \og'p<\og\2N) Y: i< ^l"s'^^) <Civlog7V. 

N<p<2N N<p<2N °^ 

We get 

mj, 2(3 



sup|P.(^i,A^2,i)| < C,max(l,— )'/'^(|L|logiV)V29 ( ) 

taL ' ' mj,2q ^ ^ \J\' WoS N / 



hi E .0.V)-}. 



log - . 

° N<p<2N 



Nt^, , \l/29/ AT ^1/2 

^ ■ N\ 



(3.2) < C,(max(l,-)|i|log.,^ ^^^^^ 

So that if I J| < Ni, 

11 , ,,, iV /|L|logiV\ 1/2-3 

(3.3) ii-p|^-^^^'^-^)iii-^^^^^'(b^i^(^7r) • 

The remainding part of the proof now consists of carefully adjusting the parameters in 
order to apply Turan's result (|l.ip . 

Main parameters: (H,(5, q, B, z^, m, a). The constants H,6,q,a are numerical and 
fixed. They will produce the constant c in p.ip . See p.l4p . 

Let H > 2 he some integer. Put 

, H -1 5 

Then 

< 5 < 1/8 and q> 4^-^^. 

1 — 80 

In addition we set 

B^4qS + 2{d + l), 

and notice that 2B = 8qS + 4((5 + 1) < q. 

Now fix some positive integer v and set 

[7 = 2'^, J = [U^^ ,2U^^], L=[U^,8U^]. 
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Let iV = 2™ with m>iy. It follows that \J\ = t/^s <uq <Nq_ Then 

2m(l+l/g) /|I,|to\1/2? 



(3.4) 

By Minkowski's inequality 



sup SUp|P(^l)^2,i)| 

2'"<Afi<Af2<2'"+2 teL 



<C„ 



mj ,2q 



^-rvy; /\L\m\ 



< 



sup sup sup P(A^i,iV2,i) 

v<m<v{l+S) 2™<Afi<Af2<2'"+2 teL 

sup sup|P.(^i>^2,i)| 

2"^<Ni<N2<2"^+^ teL 



E 

;y<m<;y(l+(5) 



rrij .2q 
rrij .2q 



y^ 2-m{l+l/q)^l/2q-l/2 



< C,l.l/2,-l/2 p 



i/<m<i/(l+(5) 

LI \ 1/29 



j/<m<j/(l+(5) 



< 2C ,yl/2<?-l/22-(B/2-2)i^2''(^+*'(^+^/''). 

Now if [/ < A^ < A^i < iVa < 2iV < L/i+*, choose z^ < to < i^(l + (5) such that 
2™ < AT < 2™+i. Then 2™ < iV < A^i < A^2 < 2iV < 2"+2. Thus 



sup sup|P(^i:^2,i)| 

U<N<Ni<N2<2N<U^+'> teL 



raj .2q 



< 



sup sup sup |P(-^ii-^2,i) 

i/<m<i/(l+(5) 2™<Afi<Af2<2'"+2 teL 

< 2^ 2''[(^+'')(^+^/'^)"(^/2'^)lzy^/2«"^/2 

< 2Cg2[l-^l''i.l/2g-l/2 _ ^^ 



mj,2q 



(3.5) 

since with our choices (1 + (5)(1 + 1/q) — B /2q = 1 — 5. 

Next let < a < 1 be fixed and set ^(a) = f/(f - a)i/(2g)_ gg^ 

[jl + 5 J 



J = 1 6* e J : sup 

(7<Af<7Vi<Af2< 

By the Tchebycheff inequality 

^A{J\J} < , ^,. \^.. / sup \Pe{N,,N^,t)\^Ue 

\J\ \J\\P'MY'i Jj u<N<N^<N2<2N<U^ + ^ 

(3.6) < n{a)-^'' = 1 - a. 

Therefore X{J} > a\J\ and for all 9 e J, 



(3.7) 

Pick some 9 in J. Then 



sup 

U<N<Ni<N2<2N<U^ + ^ 
teL 



\PgiNi,N2,t)\ < 2M(a)C,2[i-^l''i.i/2,-i/2^ 



(3.8) 



sup I E 4^1 < 2^(a)C,2^(i-^).V2.-i/2 

c/<«<iVi<«2^<^2iv<L.i+^ Ari<p<Ar2 P 

= 2Ai(a)C,C/i-*'(logf7)i/29-i/2 

[/(log L/) 1/29- 1/2 



< 2^i{a)C, 



U^ 



But if T e 6* + L, T < 2L/2S + gt/^ < SC/^^ if [/, namely j/ is large enough. It follows 
that U^ > Ct^/(^bI 



Put 



We have obtained: 



b:= 



2B 



' + A{S+1)' 
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For all T e [61 + C/^, 6* + 8C/^] and U < N < N^ < N2 < 2N < U'^+\ 
(3-9) I E -fp\<Ma)C,^^^ . 

Ni<p<N2 

A family of local zerofree regions: We use secondary parameters: So,D,b. Let 
We may assume 6 > 1. In the one hand 



T-VT = e + 3V9 - Veyi + 3/Ve >e + sVe - 2V9 = 9 + V9>9 + u^. 

And in the other since U^^ < < 2U^^ 

t + Vt = + 3Vd + Vo^Ji + 3/Vd <e + 5V0 <0 + 5V2U^ <e + w^. 

Hence [T - Vt, T + Vt] dd + L and estimate dSH) is valid forT-VT<T<r+ VT. 
Further, as 

^2B <Q <T = e + sVe < 2U^^ + 3V2U^ = U^^[2 + 3V2U-^] < 7U^^, 

it is also valid in the restricted range of values 



1 \ 2B 



(3.10) T7B <N<Ni<N2<2N< (-) 

Now select a positive real 60 such that 

1 - do 
We notice that 1 + S - ^±1^ = S - -^^ > 0. Choose i^ sufficiently large so that 
2''[S-^] > -ji+s^ gjj^gg 25 > 1 we have 

namely 






Next put 

D 



25(1 - So) 
Then p.lOp implies the admissibility of the more suitable field of parameters 



l + '^O /T\ ~2W 



(3.11) T^ti-"*'") = T7E < N < Ni < N2<2N < r^(i+*') = T^sd-^o) < f-\ 
Estimate p.9p then implies 

(3.12) \ 2^ -fFl^ 2^l{a)Cg -^ , 



pi 

Ni<p<N2 



for all T e[T~ Ti/2^ T + T^/^] and all T^^i-'^o) < iV < iVi < A^a < 2iV < r^(i+'5o) 
Recall that < 5 < 1/8 and q = j^. Thus 

„ . c n/e ,N 20<5 9 805 + 9-72(5 85 + 9 5 

B = 4q6 + 2{5 + 1) < + - = — -— = — — < 



1-85 4 4(1-85) 4(1-85) 2(1-85)' 

And 

^^^^5(1-85) 



2B - 5 
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In order that b^^^ > 5a, it suffices that *il^ > {5/2f, namely 1 - 8(5 > {5/2^)6^, 
which is fuffihcd ii S < 1/9 for instance, namely recalling that 6 = -^^j ii H < 9 which 
we do. 

Thus b > 6q does hold, and p.l2p implies that the inequality 

(3.13) I V ±|<,"C°8^f'-^\ 

Ni<p<N2 

with (recalling that fi{a) = 1/(1 - a)^/^^?)), 

(3.14) c^2fiia)Cg, 

holds for ah t e [T - T'^/^,T + T^/^] and all r^(i-'5o) < N < Ni < N2 < 2N < 

Turan's result (section 1) then implies that 

(3.15) C(fT + ^i) ^ 0, Va > 1 - S^^, Vi £ [Tg - T^^^ Tg + tI'\ 

But this holds for any e J (recalling that A(J) > a|J|, J = [2'^B^ ,2'^^"+^]), and 
for anj/ 1', assuming this one large enough, depending on 5, say vs. We also recall that 
5 was fixed from the beginning (see "Main parameters"). 

Remark 3.1. Finding one 9 in J such that C,{a + it) ^ for ah t in [Tg-Tl''^ ,Tg + Tl''^] 
and cr > CTo, for some ctq < 1, can be deduced from Carlson's estimate on the number 
of zeros of the Riemann zeta function. The point here is that we have a measurable set 
of values of ^'s of measure close to the one of J, for which this is valid. This together 
with a simple covering argument will permit to exhibit a much bigger zerofree zone. 

A semi-global zerofree region: Let il^iO) = O + iy/O. The indice v with v >vs being 
now temporarily fixed, let Jq =]2'^^'' ,2'^^''+'^\\J . Using the fact that A(V'([a,6])) = 
{b- a)+ 3(%/6 - ^/a) < (6 - a){l + 2.2--^''}, one can show 

(3.16) A(V'(Jo)) < {1 + 1/2^''}(1 - a)A(J). 

Let ?7 > 0, Jo being an open set, Jo = Uj^j^/n where /„ are open intervals. Let 
Un = ^n=Jn- Writing U = Un^B with B C U^^j^^Jn, we have. 



A(V(Jo)) < A(V'(t/jv)UV'(^)) <A(V(C/Ar))+ J2 Mi^i^n)) 

00 

< A(^((7Ar)) + {1 + 2.2-^'^} Y. A(/„)<A(^([7jv))+7?{l + 2.2-^^}, 



ri=JV+l 

assuming N large enough. Further U^^iln = ^n=i-^nt ^n being pairwise disjoint inter- 
vals. Since ip is continuous increasing, 

N' N' N 

xmuN)) = A(^ ^io) = Y. ^(V'(^n)) < {1 + 2-2-^''} E ^(^") 

n — 1 n— 1 n— 1 

= {1 + 2.2-^''}A(C/jv) < {1 + 2.2-^-}(A(Jo) + v). 
Thus 

A(^(Jo)) < {1 + l/2^''}A(Jo) + 277(1 + 1/2^--} < {1 + 1/2^''}{(1 ~ a)A(J) + 2ij}, 
since A( Jq) < (1 — a)A( J). Since 77 is arbitrary, (I3.16P follows. 
Therefore, 

A(^(J)) > A(^(J))-{l + 2-^''}(l-a)A(J) 

1 j^ o-Bv 



^^ " 1 + 3(^2-1)2-^-^ . 
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(3.17) :- (l-a)A(^(J)), 
noticing that A(i/;(J)) = A(J)(1 + 3(^2 - 1)2--^"). 

As Tg/^ > 6*1/2 > 2'B'', we have [Tg - Tg^^,Tg + Tg^^] D [Tg - 2^'^,Te + 2^"]. Now 
consider on -0(J) = [7/;(22^'')X22^''+i)] the subdivision 

if, = U(2^^'') + (*-l)2^''~\V'(2^^'')+«2^''-i[, 1 <z< (2^'^+i+6(%/2-l)). 

In view of p.l7p . the number of indices i such that Ki D ip{J)) — is less than 

(1 - a)A(V'(J))/2^''+^ 

Consequently, at least aX{ip{J))/2^''^^ indices i are such that Ki{^^j{J)) ^ 0. Pick 
a real •& in the intersection. We have 

So that by ([3J5)) . 

(3.18) C(f^ + *0 7^0, Vo->l-(5^2, Vieif,, 
and the number of indices i for which this is true, exceeds 

(3.19) aA(V'( J))/2^"+i = a(2^''+i + 6(V2 - 1)). 

We can now achieve the proof. Given any fixed real < a* < 1, it follows from 
([3TT8l) . ([3J9l) that in any subdivision of V'(J) of size 2^"-^, at least a*2^''+^ intervals 
are free of zero. Since V'( J) = [2^'^'' + 3.2^'^, 2.22^'' + 3^2.2^'^], it also implies that in 
any subdivision of [2^Bu ^2^'^"+'^^ of size 2^''"\ at least a*2^''+i intervals are free of 
zero. 
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